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S E C T I O N  I

INTRODUCTION

One type of simulator used to simulate a vertically

polar ized electromagnetic pulse (EMP) produced by a nuclear

de tona ti on , is bas ic a l l y  a con ical  an t enna  o v e r  a gr ound

plane. Ne ar the base of the bicone , the structure consists

of a sol id su r f a c e , constant flare ang le b i c o n e  w h i c h

gradually transitions into a wire biconical structure.

Wh ile most of the current flow is radially directed along

the wire portion of the bicone , circumferentially distri—

buted wires are used to add to the capacitance per unit

leng th as a wav e travels along the bicone , The density

of the circumferential wires and the wire bicone ang le a r e

then varied along the cone so as to make an equivalent

bicone character istic impedance at any point which roug h l y

approx imates that at the bicone input. A tapered resistive

loading along the structure is used to damp out the hig h

frequency currents along the antenna so as to minimize

diffra ction from the ed g e of the bicone. The present

str ucture also has a f l a t top c ap which is also loaded.

The c ircumferentiall y—directed wir es are not ortho~~onal

t o the radially—directed wires and consequentl y most of the

circumferential symmetry is destroyed. A moment method

solution which would take into account al. .L the wires :ind
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for observa tion points on the topcap.

In ( 1) ,  the subscri p ts c refer to quantities defined

on the conical surface while subscripts t refer to the

topcap . In double subscripted quantities , the first subscript

refers to the surface on which the potential is observed

wh ile the second subscript, denotes the origin of the

source con tributing to the potential. The plus and minus

superscripts refer to source points on the cone and its

image , respec tively. If the cone has no topcap, onl y ( l a)

w ith p t, eq ual to zero is used . Since the fields are l I —

symmetric , the observa tion points are taken along the x— z

p l a n e  w h e r e  ~=O . The var ious distance quantities in terms

of cone and topcap coordinates are all of the form

+ 1~~= A — B cos  ~~~~ r , s =  c , t ( 2 )r s  r s  rs

w h e r e

± 2 ‘2  , 2
A = r  + r  — 2 r r  c o s O
cc c c + c c  0

. 2B = 2 r  r sin 0cc c C 0

+ ‘~~ 
-, 2A - = r + r - 

— 2 r  L cos~~ +1 cos ~C t  c t + C 0 0

B = 2 r r s in ~ct c t  0

—I ) , ) -,
A = r 4- r 

~ 
2 r  L co s~~~ 0 + L

B = C r  r sin ~tc t c 0
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+ 2 ‘
~~ 2 2

~~~ 
= r t + r t, + L cos B~~(l  ~

= 2r
~~
r
~ 

( 3 )

The linear charge dens ities

q ( r ) — 2t r sin &
0
3 (r ) (4a)

= 27r r
~~~t,

(r
~~

) ( 4 b )

may alternativel y be used. Since the charge density is

~— independeat , the ~ integrations may also be perfor m ed in

(1). These involve integrals of the form

2i r  2rr

f 
~~~~~~~ = 

f d p ’

J R J /A-B cos
0 0

it

= 2 f d~~’ —

J /K— B cos
0

IT

= 2 f 
d b ’

J ,/A4- B cos  ~S
’

0

•1

= 2 
j . d~~’ —

J v ’A +B — C B  s in C~~’
0

8
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= 4 1  d~ —

• J — 2B sin 2
~

0

4 , 2B
= 

(A÷~~Y~ 
“A+B ~

w h e r e
~r / 2

K ( m )  = I d~ ( 6 )
J ~

“l — ru sin~0

is the complete elliptic integral of the first kind. H e n c e ,

using (5) &nd (4), (1) can be written as

L { 2B 

[ 

2B 

J

2 IT 2 s o 
~~~~ 

~
c

(r ~~)~~~~~~~c: 
:

C C
)½ 

- 

( A f  :~:~ 
]dr~

1 2 B  ~~2B
L sin 0 ct Ct

+f ~t (~~ ) [H  
+ 

- 

k
A~~~~~~ 

V
U

( 7 a )

I L r 2B
~ 1 .. 2 B

~ I i
~. J ,. K 

+ 
~ 

-~~: 
+ I

\~J 
~ c

( r
C
)[ (A

t
+ 

+ B )  
— 

( A
~ 

+ B
t

) 2 J c

L s in ~ 
( 2 B ~~~ .1 C B

~~~+f ~t (~~)[ Ht~ 
~~~~~ 

- 

~~~~: :
~~~

J

~r

t} 
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- Once the linear cha rge densities q and are known

the total bicone—t o— ground capacitance C is found as

- C ,, ( 8 )
‘0

- and the effective hei gh t is g iven  by

s in 0q

1 h = 
C O S  °oL~p 

q ( r )r d r  + U

e f f

( 9 )

where the total charge on the bicone is

L L sin 8
0

~t,0~ f  q ( r ) d r  + f  ~ t,(r ~~) d r ~ ( 1 0 )

I0 
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SECTION III

NUMERICA L SOLUTION PROCEDURE

The rnethodof moments [ 1 ] is used to obtain a num .~r ical

solution to the integral equation (7). Since at the bicone

f e e d , the linear charge density approaches that of the infinite

static bicone , whereas the surface charge density is in—

fini te there , it is appropriate to expand the linear charge

in constant pulse functions on the conical surface. On the

to p c a p , how e v e r , the surfa ce charge density approaches a

co nstant at the center of the cap while the linear charge

density var ies lineerly there, H e n c e , on the t opcap, the

unknown is taken to be the surface charge density , wh i ch is

ex panded in pulse functions. Figure 4 shows the pulse

expansion scheme used. Subdomain s of widths

= -
~~
- ( h a )

c N
C

and
U sin

N 
( l i b )

t

ar e used on the cone and topeap surfaces , respective ly .

The subdomains are centered at the points

r (m— ~)~~r , m = i , C , . .. , N t l a )
cm — C C

on the c ’ne surface a n i  it

r = (11 — -~--h ~ r , n= L ,C N (l C b ~tn - t

Ii 
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on the topcap surface.

• Endpo ints of the subdomains are at

r ~~~~r +~~~r ( 13 a )
cm— cm — c/2

r
t ÷ = r

t ± ~
r
t/2 

( 13b )

If we def ine a unit pulse function

p.

p(x )  = 1 ( 1 4)

(%
O . l x i > 4

then the charge expansions may be written as

Nc r —r
• 

~ ~ cm ~‘ Kr~~ 
(iSa)

m= l c

N

P t ~~~ 
{r

_r

} 
(lSb)

where the quantities Q and Q are the linear and surface
cm tn

charge densit ies in the center of the mth and nth sub—

d omains on the cone and topcap, respectively. Substituting

(15) into (7), using ( 4 b ) ,  and enforcing the equality on

b oth sides of (7) at the centers of the subd ona ins results

in the matrix equation

Ic ~ ir~i r~iI ___ ._ _ ‘ ——— —— I I — —  I = I— — I 1’~
)

L c~ c
ttj L1 tJ L”~J13

—-—

~

—- ________ 



_ _ _ _ _  ~i:i :-- ---— — - -  -- ------ - .- -  
~~~~~~~~~~~~~~~~~~~~~~~~~~

- —---
~~~~

-—--
~~~ 

-

for the coefficients Q~~~ and where the col umn vectors

of unknowns are

= 1~:~ 1 ~ = F~:: 1 
( 17 )

LQ cN ~J L~tN ~J

and the d r i v ing vec tor s  a r e

~~ ( 18)

The elements of the “cap acitance matrix ’ a r e

( C
cc)pm = 

~~ ~ cc~~~cp ’ r cm )

( C
~~~

) =  
~~~~~~~~~ 

r
~~~
)

( 1 9 )

(C
tc
)qm = 

~ tc~~~tq ’ rcm )

ITt
0 ~tt

(r
tq . 

r
~~~
)

p .  a 1, 2 , . .  - .N
~

— ~ L23 2 3

(r  r
)=f - 

~~~~~ : 
~~~~

, 

] 

~~~~ 

—---- ---- -~~~---- - - • - - - — — — - -~~~~~~~~-- •- ~~~~~-



-~~ ~~~~~~~~~~~~~~~~~~~ 

-. ---- -
~~~~~~~~~~~~~~

- - ---- — - - - -- -.•. •

23 23

~cc cp~~~tn~ 

r

+[K

ct 

::-:~ 
x~~~:t ::~~~½]r~~

dr
~ r =r

c cp

r +  2 B~ ] K [ 
2
~~~c —

A~~ + B t~ 
A tc + B t c(r  ,r ) ~ d rtc tq cm 

~~~cm~ 

(A
t
+ 
÷ (A~~ + 8

tc~ 

2 C 

r
t

r
tq

2Br +  K K
A~~ + B t t  + 

~~~( r  ,r ) = r d r
tt tq tn 

r
tn 

(A
~~ 

+ (A
r; 

+ B~~~~~~~) 
~ 

r t
=r

tq

( 2 0 )

Whe n p m  a n d w h e n  q n , the int e grands of and LI .

respectively, are logarithmicall y singular:

lB
K 

A c~~~+ B cc J 
r

’ 
— 

~n~~r —  r~~~~

(A ± 
+ B )

~~~ 

r 
2r sin

2B
t t

K 
A
t~~~ 

+ 8t t  
r~ — ~ 

r tq l

(A
~~ 

+ 3 ) ~~ 
q 

tq

These terms are thus handled n u n e r i c u l i c  b s u b t r ] c t i : C  O u t

the s i n g u L a r i t y  from the int e g r a n d  a n d  i 1 ~~ i n c  i t s  i n i i v ti c i l l v

evduated integral as foL l ows:

1.5

.

~ 
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r ~ 
~ :B I 23 cc

~cc Crcp ircp)=J ::: ) ½ 
- 

K
~~~~

: ::~~}r~ 
r~=r~~

+ ,_ ~~~~~ c 

~~ (1 
- £ (c )

) 

(21a)

23 2B

~tt
(rtq irtq)=f [K

A~~ ft

::½

÷ 
lr t-rtg l 

- 
~~~~~ 

:t

: ]

~~~~~

tq

÷ 2r
tq (‘ - 

Zn(_ ..~~_)) (C ib)

The res ulting integrands in (21) are non—singular and

may be numerically inte3rated using standard methods.

Sol ution of the (p+q).< (p+q) matrix equation (16) yields the

charge coefficients Q and Q . Recall that the form er is
cm tn

a l inear charge density quantity while the latter is a sur-

fa ce charge densit y . E q uations (1) give the formulas for

convers ion between surface and linear charge densi cy quantities.

Pr im (fl and (10) the capacitance to ground and eff e ctive hei ch:

are cal culated as

= 
‘tot ( ‘ ‘~~¶1

0 
‘ — -

~~~~~~~~~~~~~
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r N N 
1

cos 
~oL~

r . Y Qcm
r cm + ~~~~~~~~ Q tn

r
tnJ

h — 
m=l n—i ( 2 2 )

e f f

w h e r e

N N
~~

Q = A r  ~ Q + 2Tt ~~r ~ 
Q r ( 2 3 )

tot c cm t tn tn
m l  n= i.

1. 7
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S E C T I O N  I I I

NUMERICAL RESULTS

In th is section , numer ical results are presented

for the linear charge distribution , capa citance , and ef-

fect ive heig ht of a cone over a ground plane as the cone

a n g l e , 80, is varied. Results are given for configurations

both with and without a topcap . For convenience in simu-

lat or design , the data is presented ass uming the permit—

riv ity of free space rather than normalizing the data to

a medium independent form. However , for other ap plications ,

th e data can easily be scaled to apply to isotropic , homo-

geneous media with permittivities differen t from that of

free space.

In Fig ures 5 , 6, a n d  7 , the l inear charge density is

p lotted for various cone angles ranging between 2.5°

a n d  
~O

= 85° . Note tha t as the cone length L tends to in-

f inity, the l inear charge density at any point on the cone

should tend to that of an infinite cone over a ground plane ,
.
~

2~T E  V

~~ c o t ( - ~~~ 

( 2 4 )

where V
0 

is the volt •ige between the cone and gr~~und p I J O C  or

i,alf the volt age across the te rmi nai ~ of a bicone structure.

SL~~ce , f~~r tho s ta tic p r n b l c m . o nl’ . r e l i t L v e  dimension s are

i m p~~ r c . i n t , L - ’  is e q u i v a l e n t  t ’  r - I ) . ~~in ce from ~ L c h e r  p o i n t

18 
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of view , r I L-’-O . Thus the numericall y computed results

sho u ld a p p r o a c h  ( 2 4 )  as r~~~O and this limit , also shown in

F ig u r e s  5 , 6 a n d 7 , provided a convenient check on the

numerical results. Note that for narrow cone angles (Figure

5), there is very little charge on the topcap, as o n e  wo u ld

expect. Fo r large cone ang les (F ig u r e  7 ) , note that the

charge on the topcap approximates the increase in the charge

on the cone without a topcap . The total charge in the latter

cas e i n c l u d es , of course , the charge on the top surface of the

cone. For moderate cone angles (Figure 6), a substantial

portion of the total charge resides on the topcap. With no

topca p, how ev e r , the ed ge eond ition [2 ) requires a more sin-

gular charge at the ed ge of th e cone. Furthermore , the corn—

p~ited charge in this case is the sum of the charge densities

on both sides of the cone surface. The net result is that

the total charge , with or without the topc ap , is roug h l y the

s a m e  f o r  a l l  co n e an g les. Th is is strikin g ly evident in

Table 1 in which is tabul ated the capacitance of a cone with

and without a topcap for various cone ang les normalized both

to the slant hei g ht and the v e r t i c a l  hei g ht of the cone.

F r o m  t h e  t a b l e s , i t  a p p e a r s  t h a t  t h e  i d d i t i - sa  o f  a t o p c a ~

i n c r e a s e s  t h e  t o t a l  c a p l c  it i r i • e on  H.- H; i b ~~ut  3~ f o r  m o d e r a t e

cone angles. T h e  c o : n p u t e d  c a : ’ a c i t I .~ce s  •i~~ree L a L r l ~ well

with the roug h e s t im I ~~es :~~~d i n  [ 3 . 

—- --- —--- ------ .— - • — .---— -- .. 
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In Fi gures 8—11 , the capacitance of the cone is p lotted

as a f u n c t i o n  of t he co ne a n g l e , with and without a topcap.

In Fig ures 8 and 10, th e capacitances are normalized to the

sla nt height ,whereas in Figures 9 and 11 , the capacitances

are  normalized to the vertical height of the structure. Also

shown are the corresponding capacitances , C~,, that would be

computed assuming the charge distribution to be that of an

infinite bicone , Eq. (24). Using (24), C~ is easily found to

be 
2~ T c  L0 ( 2 5 )

0Qn cot - — -

The excess or “ f r i n g ing ” capacitance is then just C — C,,,,.

As a ma tter of interest and as a check on the reasonableness

of the computed capacitances , th e percentage of fringing

capacitance is p lot ted in Figures 12 and 13 as a function of

A s would be expected , the percent age of the capacitance

attributable to fringing is smallest for cone ang les near 00

and 900 Near 400 , the fringing capacitance adds 7O ~~~ of

C3, t o the total capacitance.

Table 2 l ists the effective heig ht of a cone structure

w i t h  a n d  w i t h o u t  a t o p c a p .  N o t e  t h a t  s i n c e  t h e  l i n e a r  c h a r g e

densit y on an i n f i n i t e  cone is c o n s t a n t, E q .  (~~~ ) ,  t h e  c o il-

puted effective hei ght negle cting fring ing would h o

S i n c e  t h e  f r i n g i n g  f i e l d s  i n c r e a s e  t h e  c h a r g e  d e r i s i ~~v

near t h e  cone ed ge , this f i g u r e  Is •i lover hound on t h e  c i —

re ctive hei g ht hut is i p p r o i c h e d  is t e nd s t o  00 •~~ J Qfl° •

I
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Th is can easily be seen in Figures 14 a n d  15 w h i c h  p l o t

the et fective heights as a function of cone ang le. Note

that the addition of a topcap increases the effective

h e i g ht b y about 7’
~~, m a x i m u m . This is also in fair agreement

w ith the rough estimate of 1 3 1 -

3- .
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S E C T I O N  IV

C O N C L U S I O N S

An integral equation has been derived and numerically

solved for the static charge on a conical antenna over a

ground plane , both with arid without a topcap . Capacitance

and effective heig h t data show that there is almost negli-

gible increase in the capacitance when a topcap is added to

the conical structure and that there is but a slight in-

cr ease in the effective height.

Future st udies should concentrate on refinements of

the m odel , w h i c h  s h o u l d  i n c l u d e  a m o r e  acc u ra te m o d e l i n g

of the w ire cage structure and include the circumferential

wire i~- . The effect of tapering the bicone ang le should also

be analyzed and a more accurate model of the feed region

should be employed. This improved model should y ie l d  m ore

accurate data for the desi gn of biconical Structures for

use as simulators. 
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